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EXTENSION OF ANALYTIC COVERS BY EXTENSION OF THEIR 

RAMIFICATION DIVISORS 

L. LAVOINE 


Abstract. This paper deals with extension of analytic covers. We prove topological 
extension theorems for analytic covers. The main result is an extension theorem which 
only uses the extension of the ramification divisor. We give also a Thullen-type and a 
Hartogs-type extensions theorems. 
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1. Introduction 


By an analytic cover we understand a triple {X,c,X) where c : X —)■ V is a zero¬ 
dimensional proper surjective holomorphic map between normal complex spaces X and 

X. 

Zero-dimensional means that for every x G X the preimage c“^(x) is discrete. Since c is 
in addition supposed to be proper it is a finite map. There exists a proper analytic set 
77 C X such that the restriction of c over X \ 77 induces a hnite unramihed cover, see 
details in section |2.1[ The set 77 is called the ramification locus of the cover. One says 


that (X,c,X) is a connected analytic cover if the covering space X is connected. 

The goal of this paper is to study when an analytic cover over a domain Do C C” can 
be extended to an analytic cover over a bigger domain Di. Clearly in order to achieve 
this it requires that the ramihcation locus extends to an analytic set in Di. The main 
problem is to understand if it is sufficient. Examples are an important part of this paper. 
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Section 1 


1.1. Statement of results. 

Theorem 1. Let {Do,Co,Dq) be a bo-sheeted connected analytic cover over a domain 
Do C C"^. Suppose that its ramification locus IZo extends to an analytic set IZi in a 
domain Di D Do and the natural homomorphism i* : 7ri(Zlo\’^o,'2*) T^i{Di\lZ\,zfi) is 
surjective. Here z* is some point in Do\}Zo and i: Do ^ Di denotes the natural inclusion. 
Then {Do,Co,Do) extends to a connected analytic cover over Di in the sense 

that there exists a holomorphic map i: Do ^ Di such that the diagram 


bo^Di 


CO 


Cl 


Do^D, 


( 1 . 1 ) 


is commutative i.e., Cioi = co . Moreover the cover verifies the following: 

(i) the number bi of its sheets doesn’t exceed bo and i is surjective over Do i.e., i{Do) = 

(ii) if bi = bo then the map i: Do ^ Di is injective; 

(iii) every connected analytic cover {DficfiDfi) which is an extension of {Do,Co,Do) 
has the number b[ of sheets not more than hi; 

(iv) ifb'i = hi then and {Di,Ci,Di) are eguivalent. 


Two analytic covers (Xo,Co,X) and {Xi,Ci,X) over a normal complex space X are 
equivalent if there exists a biholomorphic map $ : Xq —?• Xi such that Ci o d) = Cq. 

The map i of Theorem is surjective over Do but may not necessarily be an injection. 
In general let (Xo,Co,Xo) be an analytic cover over a normal complex space Xq. One says 
that it extends to an analytic cover (Xi,Ci,Xi) over a normal complex space Xi if there 
exists a holomorphic imbedding i: Xq —)■ Xi and a holomorphic map/injection i: Xq —)■ Xi 
such that the diagram 


Xo^Xi 


CO 


Cl 


Xo^Xi 


( 1 . 2 ) 


is commutative. Depending on whether i is supposed to be an injection or not one gets 
different notions of extension of analytic covers. Theorem [I] provides us an extension in a 
“weak” sense. The conclusion of Theorem [I] is not necessarily true if the morphism 

i: 7ii{Do\JZo,zb -)■ ni{Di\'JZi,zb 


is not surjective as it is shown by the following in Section 8.1 


Example 1. There exist domains Dq '■= A ^ C Di = a divisor TZi C Di and a 
3-sheeted connected analytic cover (T)g,Co,T)o \7^i) such that 

(i) it does not extend to a 3-sheeted connected analytic cover over Zli\7^i ; 

(ii) but it extends to a 4-sheeted connected analytic cover (T)j,Ci,Zli \7^i). 


Remark 1. In this paper speaking about extension of analytic covers we always assume 
that i should be surjective over Xq, i.e., i(Xo) = ch^(Xo). 
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For R> 0 denote by the /c-dimensional polydisk of radius R and set Aj = A^. The 
one dimensional disk of radius R will be simply denoted Aj^. 


Theorem 2. Let Dq := A^“^ x A be a polydisk in C”, 0 < i? < 1. Let (Dq^Cq^Dq) 
be a ho-sheeted connected analytic cover over Dq. Suppose that its ramification locus TZq 
extends to an analytic set IZi in A” such that TZi does not intersect A”“^ x dA. Then : 

(i) {Dq,Cq,Dq) extends in the weak sense to a hi-sheeted co nnect ed analytic cover 
(L>i,Ci,A^; 

satisfied. 

(ii) if bo = 2 then {Do,Co,Dq) uniquely extends in the strong sense to {Di,Ci,A^); i.e., 


over A”. Moreover conditions (i) 


(i)^ 

(ii). 

(hi) 

and 

(iv) 


in 


Theorem 


are 


the map i in diagram (1.1) is injective. 


We prove also the Hartogs type extension theorem for analytic covers over a 2-convex 
Hartogs figure. Recall that a q-convex Hartogs figure is the following domain in 


= Ar^x A'^UA" 


X (a''\a;_,) 


for some 0 < r < 1. 


Theorem 3. Let {H,Co,Hfi^ be a ho-sheeted connected analytic cover over a 2-convex 
Hartogs figure (n>3). Then : 

(i) the cover extends in the weak sense to a hi-sheeted connected analytic cover over 

and (iv) of Theorem^ 


A"' which verifies conditions (i), (ii( 
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(ii) if bo = 2 then the cover {H,Co,Hfi"' extends in the strong sense to {Di,Ci,A'^). 

Remark 2. (a) There exists in Theorem 2.(ii) and Theorem 3.(ii) a holomorphic func¬ 
tion / G 0{A‘^) such that Di := {(C,^) G C x A” : = f{z)} and Ci is induced 

by the canonical projection C x A"’ —)■ A*^. 

(b) The “strong” parts of Theorem and Theorem are no longer true when the 
number of the sheets is larger than 2 as it will be shown in the following example. 


Example 2. Set := {zi G C : l^i —1| < 1}. Let f{z) be the branch of on H such 
that / (1) = 1. Let {Do, Cq, Do) be the 3-sheeted connected analytic cover over Do '■= flxC 
defined as 


with Co : To —)■ Do induced by the natural projection. Then there does not exist a 
connected extension of (To,Co,To) over Di := with more than one sheet. Remark 
that (Do, Co, Do) can be extended to a 3-sheeted analytic cover over the Hartogs figure 
H :=inx A4] U [A4 X (A4\A)^)] . 

One says that an analytic cover (X,c,X) is Galois if the restriction over X\TZ induces 
a Galois regular cover. 

Let us give the following example of a non-extendible Galois analytic cover in the strong 
sense over the polydisk. 

Example 3. In the notations of Example]^ we set Tq = G x C and 

Do := {{z,w) e DqxC ■. - (zi- zl){g{zi) - Z 2 ) = O}, 

where g{z) is the branch of ^/z on G such that 5 f(l) = 1. Let Cq ; Tq —>■ Do be the 
restriction of the canonical projection. Then D inherits a structure of a normal complex 


To := < (zw) G To X 


3 , /(^i) , 

W -- 
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Section 2 


space such that {Do,Cq,Do) becomes a 3-sheeted Galois analytic cover over Dq and there 
does not exist a connected analytic extension over Di = with more than one sheet. 


1.2. Structure of the paper. We begin by recalling in Section the dehnition of an 
analytic cover over a normal complex space and list some elementary properties of such 
covers. Then we give a topological extension result which allows us to extend topologically 
a regular cover through an analytic hypersurface, see Theorem \2.1 This result is due to 
K. Stein, see [St]. A complete proof of this theorem is given in Section 2.2 for the reader’s 
convenience following the construction given by [Ni|. Sectionj^is about Theorem 3.2 of H. 
Grauert and R. Remmert. We recall in that section a complete pro of of this Theorem using 
estimates methods given by G. Dethloff in |De] . see Theorem 3.1 Then one obtains 
Theorem |3.3| which provides an analytic structure of the cover space. One deduces in 


Section some extension results for analytic covers, see Theorem 4T, as well as one more 


example of an extension the so called Thullen-type extension theorem for analytic covers. 
We give it here for the sake of the future references. 


Theorem 4. Let X be a normal complex space, A be a proper analytic subset of X and 
Xq be an open subset of X which contains X\A and intersects every one-codimensional 
branch of A. Let Cq : Wq —?• Xq be an analytic cover over Xq. Then it uniquely extends in 
the strong sense to an analytic cover c ; X —)■ X over the whole of X. 


We prove in Section the main result of this paper i.e., Theorem and give some 
immediate consequences. Section is about Theorem Theorem IP states that the 
hypothesis of Theorem are satished as soon as 

7^l n (A^-^ X ax) = 0. (1.3) 


It is a somewhat precise version of Lemma [6.1 [ due to E. Picard and E. Simart. We check 
that the proof of this Lemma given by T. Nishino in [Ni] can be adapted to prove also 
Theorem 6 T Then we prove Theorem In Section we give the proof of Theorem 
using some techniques of exhaustion by (n — 2 )-convex domains. At the end of this section 


we give details about Examples and 

I am grateful to S. Ivashkovich and S. Orevkov who gave me valuable hints and examples 
for the proofs in this paper. 


2. Topological extension of covers 

2.1. Analytic covers and their extensions. Recall that a regular cover is a locally 
homeomorphic map c : X —)■ X between Hausdorff topological spaces such that for every 
xo E X there exists a neighbourhood U 3 xq such that its preimage c~^(f/) is at most 
countable disjoint union of its connected components Ui and for every i the restriction 
C|p. : Ui ^ U is a homeomorphism. As it is well known (and obvious) if c : X —)■ X is a 
regular cover then for every path 7 : [0,1] —)■ X and every a G X such that c(a) = 7 ( 0 ) 
there exists a unique lift 7 of 7 starting at a, i.e., a path 7 : [0,1] —)■ X such that 7 ( 0 ) = a 
and (co 7 )(t) = 7 ( 1 ) for all t G [0,1]. 

A regular cover c : X —X is finite if it is proper. In this case there exists b eN such 
that every x E X has exactly b preimages. Recall the following facts, see ra for more 
details. 
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Remark 2.1. Let {X,c,X) be a 6 -sheeted regular cover. Fix G X and let ta* G X be a 
preimage of 2 ;* by c. We let 7ri(X,z^) denote the fundamental group of X with base point 
z^. For every path 7 G 7 ri(X, 2 ;*) we let c *7 denote the lifted path of 7 starting at ta*. 

(!)• Set K := {[ 7 ] G 7 ri(X,: c *7 is closed in X}. It is a subgroup of index b in 
7 ri(X, 2 :*). Indeed let a, {3 be two closed paths starting at z* and let a := c*a and 
f3 := c*/3. Then q;(1) = /3(1) 7=^ [(3 ■a~^] G K, which means that there are as many left 
cosets of K in 7 ri(X, 2 ;*) as preimages of by c. Conversely if X < 7 ri(X, 2 ;*) is a subgroup 
of index b there exists a hnite regular cover c : X —)■ X with b sheets and a fixed preimage 
of z^ such that X := {[ 7 ] G 7 ri(X, z*) : 0*7 is closed in X}. In other words X = I me* 
where c* : 7ii{X,w^) —)■ 7 ri(X,^*) denotes the natural monomorphism induced by c. 

(2). Suppose that X is path-connected and X is path-connected, locally path-connected 
and locally simply connected. For every 7 G 7 ri(X, 2 ;*) and for every preimage tc* of 2 ;* 
the ending point c*( 7 )(l) lies in the hber of Thus one obtains a homomorphism p : 
7Ti{X,z^,) —)■ Sb to the symmetric group of b elements. The map p is called the monodromy 
representation of the cover. Conversely suppose there exists a group homomorphism p : 
7 ri(X, 2 ;*) —)■ Sb with transitive image i.e., for every i,j G {1,... , 6 } there exists 7 G 7 ri(X, 2 ;*) 
which verifies p{pi){i) = j- Then there exists a 6 -sheeted regular cover (X,Co,X) such that 
its monodromy representation coincides with p. 

A regular analytic cover of complex spaces is by definition a regular cover of normal 
complex spaces. It should be said that regular covers are particular case of Riemann 
domains. 

Definition 2.1. An analytic cover is a triple (X,c,X) where c : X ^ X is a zero¬ 
dimensional proper surjective holomorphic mapping between normal complex spaces X 
and X. 

Let X C X be the set of critical points of c. It is a proper analytic set according to the 
Theorem of Sard on normal complex spaces, see for example |Manj . Since c is proper. 
Theorem of Remmert implies that its image X ;= c(X) is proper analytic in X, see Satz 
23 in [Re]. The restriction c:X\X—?-X\X is locally biholomorphic. By the hypothesis 
there exists 6 G N such that every point a: G X \ X has exactly b preimages. It follows 
that c:X\X—)-X\X induces a 6 -sheeted regular analytic cover. Since X is normal the 
analytic set X does not locally separate it. The set X is called the branching locus of the 
cover and X the ramification locus. 

If X C C** is a domain we may assume X is empty or a pure one codimensional analytic 
set since there cannot exist some branching point over any point of X of an at least two 
codimensional component of X. 

In general the ramiheation locus of an analytic cover over a normal complex space may 
have a codimension at least equal to 2 as it is shown in the following example. 

Example 2.1. Let X G be the analytic hypersurface defined by z^ — xy = 0. Since 
Sing(X) = {0} has codimension equal to 2 in X Oka’s Theorem implies that X is a 
normal complex space, see [Be] . Let c : 1 —)■ X 6 e the holomorphic map given by 

c{s,t) = Then (C^,c,X) is a 2-sheeted analytic cover with ramification divisor 

K = {0}, 

Definition 2.2. One says that an analytic cover (X,c,X) is connected if X is connected. 
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2.2. Theorem of Stein. The following statement can be found in [St], see Satz 1. We 
give here the complete proof for the reader’s convenience. We say that a closed subset 
7?. of a topological space X doesn’t locally separate it if for every xq € 7^ there exists a 
neighbourhood basis {Uq} of Xq such that Ua\'R- is connected. 

Theorem 2.1. Let X be a locally compact and locally connected Hausdorjf topological 
space. Suppose that IZ is a proper closed subset of X which does not locally separate it 
and let Cq : Wq —)■ X\R. be a finite regular cover. Then there exists a unigue locally compact, 
locally connected Hausdorjf topological space Xi, a unigue imbedding i ■. Xq ^ Xi surjective 
over X\1Z and a unigue continuous surjective proper zero-dimensional map Ci : Xi —)■ X 
such that TZ := cf^{TZ) is proper, closed, does not locally separate Xi and the following 
diagram 


is commutative i.e., Cioi = co. 



CO 


Cl 


xyjz^^x 


( 2 . 1 ) 


Proof. Without loss of generality we can suppose that X and Xq are connected. Let b 
be the number of the sheets of Cq. For every p & TZ we use like in [Ni| a basis {Ua} of 
connected neighbourhoods of p such that Ua\TZ is connected. Every cf^{Ua\TZ) can be 
decomposed into a finite number of connected components. If for every a there exists one 
of those components Sa such that 

5a+l C da and ^Sa = 0 

a 

we say that the sequence {6a}a defines a boundary point p of Xq over p. The sequence 
is a fundamental system of p in Xq. Two systems {(5a}„ and define the same 

boundary point p if for every a (resp. fi ) there exists some fi (resp. a) such that pp C 6a 
(resp. 6a 0 pp )■ Set q E TZnUa and let g be a boundary point of Xq over q. We say 
that q touches 6a if there exist fio and a fundamental system {pp}p>p^ of q in Xq which is 

contained in 6a. Let TZ be the set of boundary points over TZ and set Xi := XqUTZ. For 
every a we let 6a denote the union of 6a with the set of points q which touch 6a where 
q ETZnUa- The sequence |^q:| is called a fundamental neighbourhood system of pinXi. 
Remark that there are at most b boundary points over p. 

Xi with the topology as above becomes a Hausdorff topological space. Indeed let pi 
and p 2 be two different points in Xi. Let us prove there exist two neighbourhoods of 
those points whose intersection is empty. We shall prove this statement when pi and p 2 
are different boundary points above the same point p eTZ. Let and {6a}a be their 

fundamental systems in Xq. By the hypothesis we can suppose there exists some ao such 
that for every a one has 6a^. Since 5^^ and 6a^ are some connected components 

of CQ^(t7Qp) the fact that 61^^ implies that they are distinct and therefore disjoint. 

Moreover ii qETZ touches 6"^^ then it can not touch 5^^. That’s why 6f^ and 6a^ are two 
disjoint neighbourhoods of pi and p 2 . Moreover Xi is by construction locally connected. 
Let us prove it is connected. Let E and F be two disjoint open sets inside Xi such that 
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Xi = EVJ F and Xq C E. Suppose F ^ 0. Since Xi is locally connected one can find 
p eE-HF and a connected neighbourhood U D p. Then UOE and f/flF are not disjoint 
and we have a contradiction. 

We define Ci as follows. For every p E Xi 

( 2 . 2 ) 

[ p it p G /■c IS a boundary point over p. 

The map Ci : Xi —)■ X is obviously continuous and surjective. Let us prove it is open. Let 
f/ C Xi be an open set, U := Ci(f/), p eU and p eU he a preimage of p by Ci. \i p ^IZ 
one can find an open set V containing p such that Ci is a homeomorphism on V. Then 
V := Ci(y) is a neighbourhood of p contained in U. li p E TZ we take a neighbourhood 
basis {(5a} of p such that 6a C U. Then Ua = Ci(5a) C 17 is a neighbourhood of p in U. It 
follows that U is open and we deduce the result. 

Let us prove that Ci is closed. Let F be a closed subset of Xi and take p G X\F 
where F := Ci(F). We firstly suppose that p ^IZ. Let p G Xi\F be a preimage of p by 
Cq. By the hypothesis on F one can find an open neighbourhood U C Xi of p such that 
Un F = 0 and also U DF = 0 where U := Ci{U). The fact that Ci is open implies that 
U is an open subset of X\F containing p. If p G F we take a neighbourhood basis {17a} 
of p. Let us suppose that for every a we have 17a fl F 7 ^ 0 . Let p be a preimage of p by 
Cl and {5a}a be its neighbourhood basis. Since p ^ F one has p ^ F and (5a HF is empty 
for some a. That gives us a contradiction because UafiF ^ 0. Therefore Ci is closed. 

Moreover the fiber c7^(p) of every p E X contains at most b points by construction. 
It follows that Cl is proper. The set TZ is clearly a proper closed subset of Xi because 
7Z is proper and Ci is continuous. Moreover it does not locally separate Xi. Indeed 
let p be a boundary point, U be an open connected neighbourhood of p and {6a}a>ao 
be a fundamental neighbourhood system of p in U. Since Ci(F) = TZ one obtains that 
6a\TZ = 6a is connected. 

Let us prove that Xi is locally compact. Let p G Xi and let Ka be the connected 
component of cp^{Ka) which contains p where Ka G Ua is a compact neighbourhood of 
p. Then Ka is compact. Indeed let V ;= {17 : i G /} be an open covering of Ka- Since Ci 
is open V := {ci(I7) : f G /} is a open covering of the compact set Ka- It follows there 
exists a finite subset {F, • • • ,F} of / such that {ci(I 7 j,... ,Ci(I 7 j} is an open covering of 
Ka- Then {I7i,• • •,^7*} is a finite open covering of Ka extracted from V. 

Finally let us prove the uniqueness of Xi. Let Xj be a locally compact Hausdorff 
topological space and cj : Xj —)■ X be a continuous proper zero-dimensional surjective 
map such that TZ' := c'p^(TZ) is proper closed and does not locally separate Xj. Suppose 
that there exist two imbeddings i' : Xq —)■ Xj and i : Xq —)■ Xi such that the following 
diagram 


Xj -^Xo^ 

c'j Co 


c 

-^x 


(2.3) 


X ^^X\F^ 
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is commutative i.e., Ci oi = cq = oi'. We have to prove that there exists a homeomor- 
phism <h : —)■ such that <h o i = i'. 

Let z G i(Xo) and C be its unique preimage in Xq by i. The application <h : i(Xo) —)■ 
i'(Xo) dehned by $(5) = i'(C) is homeomorphic and verihes $oi = i'. Let us extend it 
continuously to Xi. Let p E TZ, {Sa}a be a neighbourhood basis of p such that SaXJZ is 
connected and pa G SaXR- We denote := ‘h(pa). The fact that {pa)a converges to p 
implies by continuity of $ : Xi\72. —)■ X'PpJZ' that (c'l o^{pa))a converges to p := Ci(p). 
It follows by connectedness of SaXJZ that there exists a unique preimage p' of p by c'^ 
such that \\map'a = p' & TZ' . Such p' does not depend of the choice of pa- We dehne 
$(p) := p' . One obtains a well-dehned map $ : Xi —)■ which is continuous and bijective 


by construction. Theorem 2.1 is proved. 


□ 

Remark 2.2. (a) Taking as X a domain in C"" and TZ a divisor in X we see that 

Theorem \2.1\ provides a topological extension of a hnite regular cover across an 
analytic set. 

(b) Remark that if in the conditions of Theorem 


2.1 


Co : Xo —)■ X\1Z is a one-sheeted 


regular cover then the extende d m ap Ci : Xi —)• X is a homeomorphism. 
(c) In the assumption of Theorem 


2.1 


the space Xi is connected if Xq is connected. 


3. Theorem of Grauert and Remmert 

In this section the space C"" is equipped with the norm ||z|| = max{|zj| : j = 

Let D be a bounded pseudoconvex domain in C”, 7^ be a pure one-codimensional analytic 
subset of D, D a. locally compact Hausdorff connected topological space and c : D ^ D a 
continuous proper mapping. Set Y := D\}Z and Y := c“^(y). Suppose that TZ := c~^(7Z) 
doesn’t locally separate D and C\y : Y —)■ X is a hnite regular cover. Let b denote 
the number of its sheets. Y inherits a canonical holomorphic structure which makes 
C|y : X —)■ X holomorphic, see |GR4] . By a weakly holomorphic function on D one 
understands a continuous function which is holomorphic at univalent points of the cover, 
i.e., at points of X. 

3.1. existence Theorem. The following result is a estimate theorem for Riemann 
domains which in the case of domains in C" is due to Hormander, see Theorem 4.4.2 of 
isa. For the reader’s convenience we sketch here the proof given in |Dej . Remark that a 
similar result is stated in jNSj . 

We set du := c* (dA) where dA := Adz is the Lebesgue measure on C". Let 

C°°(X)(o,i) be the set of (0,l)-forms on X with coefficients, i.e., g = 
where Pi G C°°{Y). C“(X)(o,i) denotes the subset of (0,l)-forms in C“(X)(o,i) which are 
compactly supported. Set |( 7 p := set (po{z) = 2nln||2;||, 2 ; G C”. 

Theorem 3.1. With the previous assumptions let g G C“(X)(o,i) be such that dg = 0 
and Ao := Jy < -|-cxd. Then there exists u G C“(X) such that du = g and 

Jy |Mpe“‘^°°'’’dz/ < kXo where k := {1 + (diamX)^)^. 

Proof. Let (p -.Y ^ MU{— cxd} be an upper semi-continuous function on X. We dehne 
the following vector spaces. 
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and 


L%Y,(p) = {f -.Y : J \f\^e-^dX<+oo 


L\Y,ipoc) = {f:Y^C: J |/| < +oo 


In the same way we define L^{Y,ip)^p^g-) and L‘^{Y,ipoc)(j)^q) the set of (p, q')-forms whose co¬ 
efficients belong to L'^(Y,ip) and L‘^{Y,ipoc), respectively. Let ipi, i = 1,2,3 be continnons 
fnnctions. An element u G L^(F,<pioc) is in Dt if and only if du G L^(F,(p 2 oc)( 0 ,i). Since 
Dt contains C^{Y) which is dense in L‘^{Y,ip oc) one can densely define the operator 
T = d : L^{Y,ipioc) —)■ L^(F,(p 2 oc)( 0 ,i) on Hilbert spaces. In the same way one can define 
Ds and the operator S = d : L^(F,(p 2 o c)(o,i) —)■ L^(F,(p 3 o c)(o, 2 )- We let T* denote the 
adjoint operator of T. Let G C°°{Y) be strictly plnrisnbharmonic and 7 : F i—)■ be 

continnons snch that 


\/w G C" one has H;^((p,w) > 7 ( 2 ;)||w|p, 


(3.1) 


where Hz{(p,w) denotes the Levi form of <p. Let {K^}„ be an exhanstion of Y by compact 
sets, rji, be a cntoff fnnction in C“(F) snch that 0 < < 1 and = 1. Let -0 G C°°{Y) 

be a smooth fnnction snch that X]fc=i on F and (pi := (p + {i — 3)'ip 


(* = 1,2,3). 

The first resnlt needed to prove Theorem 3.1 is the following ineqnality. For every 
/ G C(j°(F)(o,i) one has 


^(7oc-2|S(,^oc)p)|/|V<-“di.<2||r7||2.„, + ||S/||J,.„ (3.2) 

see oa Lemma 2.1. We let A denote the snbset of (0,1) forms in Dt* ADs which are 
compactly snpported. One dednce the following main resnlt. 

Lemma 3.1. C“(F)(o,i) is dense in Dt* ADs for the graph norm 

/^ll/ll^20c+||T7||v.roc+||5/||^30c. 


The proof consists to see that A is dense in Dt* ADs and C“(F)(o,i) is dense in A for the 
graph norm. One mainly nses Hahn-Banach Theorem, Riez representation Theorem and 
Lebesgne’s dominated convergence Theorem. By nsing the existence of a smooth strictly 
plnrisnbharmonic exhanstion fnnction s on the psendoconvex domain F one obtains the 
following resnlt, see Lemma 4.4.1 of |Hoj for more details. 


Lemma 3.2. Suppose that the function 7 defined in (3.1) is bounded and its lower bound 
is strictly positive. Then for every g G L^(F,(p o c)(o,i) such that dg = 0 there exists 
u E L‘^(Y,ipoc) which verifies du = g and 


\u 




'Y 


2 [ < +CX). 


We assnme now that is a plnrisnbharmonic fnnction on F. We can apply the 
previons Lemma to z 1 —)■ (p{z) + 2hi{l + \\z\f) which is strictly plnrisnbharmonic and 
:= (H- 711^)“^. One obtains the following statement. 
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Lemma 3.3. There exists u G L‘^{Y,ipoc) such that du = g and 




Now let us prove Theorem 


3.1 


Let a G M. Set Ya := {s( 2 ;) < a} and Ya := c ^(Ya). 
According to Theorem 2.6.3 of iBg there exists cpa a C°° plurisubharmonic function on 

there exists Ua G L'^{Ya,(poc) such that 


Ya such that ipa \ (po- By Lemma 

a^+oo 


3.3 


/ |nare-‘"“°"(l + ||cf)-2dz/< / < Ao. 

JYa JYa 

Then there exists a subsequence {ua^)j from {ua) which weakly converges on every Ya- to 
a function u G L^{Y, ipQ o c) such that 

Vj G N* one has [ (l + ||c||^) du < Xq. 

J% 

Set /c := (1 + (diamF)^)^. By a Cauchy-Schwarz inequality one obtains 

(4 < (U (/f, l«P(l + l|cr)^e--."d!.) 


< 


and then 


Xok (^Jy^ 

|•uPe“'^“d°‘^d^/ < kXo- 


'ya, 


One hnally obtains by monotone convergence Theorem 

[ |Mpe-^°°Mz/<fcAo. 

JYa 

By the classical regularity of the 9-equation, see Theorem 4.2.5 of iHg the solution u is 
C°° smooth and Theorem 3T is proved. 

□ 

3.2. Grauert-Remmert Theorem. The following theorem is due to Grauert-Remmert, 
see |GR2j and [M]. We use the approach of |NS] and |De] for the proof of Grauert- 
Remmert theorem concerning the existence of weakly holomorphic functions. 

Theorem 3.2. (Grauert-Remmert) Let D C Y = D\1Z and c : D ^ D be as in 
Theorem 3.1 Then for every point eY with = {wi, ...,tCf,} there exists a weakly 

holomorphic function h on D which takes at {tci,..., Wb} pairwise different values. 

Proof. Fix some G D\7l and let = {tci,... be as in the formulation of 

the theorem. Since c : T —)■ T is locally biholomorphic one can hnd a function p G C^{Y) 
such that p = 1 in a neighbou rhoo d of Wi and p = 0 in neighbourhoods of W 2 ,...,Wb. 
One can deduce from Theorem 3.1 there exists u G C°°{Y) such that du = dp, u{wi) = 0 


{i = 1,... ,h) and Inpdz/ < -|-cx). Then ho := p — n is a holomorphic function on Y such 
that 


ho{wi) 


1 if i = 1 

0 if i 7^ 1, 
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and fy \ ho\^(\.v < oo. The fact that D is a domain of holomorphy implies that there exists 
a holomorphic fnnction f on D snch that f{z^) ^ 0 and = 0, see |GF] . In order to 
extend ho through the points of (Reg (7?.)) one dehnes as in |Dej 

Then f is a weakly holomorphic function on D such that = 0. Moreover for every 
i G 6} one has t{wi) = 1 therefore (t-ho){wi) = h^iwi). 

Set lo •= (Z7\Sing7^). By Lemma 1.8 of |Dej t- ho extends to a weakly holomorphic 

function h' on Iq- 

Now let us prove that h' is locally bounded on D. We dehne the Weierstrass polynomial 
of h': 


b 

^CeC,'izeD\n,Uhiz,C)-= n {C-h'{w)) = C’’ + J2ai{z)C’’-\ ( 3 . 3 ) 

togc“i(z) i=l 

For every i G {1,... ,6} the function a* is holomorphic on D\R and continuity of h' on Yq 
implies that a* is continuous on Zl\Sing(7^). According to Riemann Extension Theorem 
the function holomorphically extends to Zl\Sing(7^). Since codim (Sing (7^)) > 2 there 
exists a holomorphic function on D which extends a*. We still denote by a* this function. 
One obviously has the following. 

Lemma 3.4. Let P = C}’ + a complex polynomial. Then every root C,o of P 

verifies the following inequality 


iCol < max 


{i.Eki}. 


According to the previous statement one has \h'{w) \ < max|l,^^^j^ |aj(c(tc))|| for every 

w G To- The function h' is also bounded near points of I7\To an d therefore h := t-h' is 
weakly holomorphic on D and separates the sheets. Theorem 


3.2 


is proved. 


□ 

Theorem of Grauert-Remmert provides an analytic structure on the extended topolo¬ 
gical space. The main idea of the proof follows |DGj . 


Theorem 3.3. In the conditions of Theorem 3.2 the space D inherits a unique structure 


of a normal complex space such that c becomes holomorphic, TZ analytic and therefore 
{D,c,D) becomes an analytic cover. The structure sheaf of D is the sheaf Oh of weakly 
holomorphic functions. 

Proof. We shall prove that for every w E D we can End a neighbourhood U of w such 
that {u is normal. Since D\iZ is locally homeomorphic to a domain of D\TZ it 

is sufficient to prove the result when w E TZ. Let U be an open polydisk centered at 
z := c{w) in D such that TZ does not separate the connect ed c omponent U of c~^{U) 
containing w i.e., U\TZ is connected. We can apply Theorem 


3.2 


of Grauert-Remmert to 
the restriction C|p : U ^ U which we still denote by c. Let . 2 * be a hxed point of U\TZ, h be 
a holomorphic function on U which separates the preimages of z^,, Uh{zX) hs Weierstrass 
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polynomial on U as in and D{z) its discriminant. Set a := {z & U : D{z) = 0}, 
a := c“^(cr) and M := {(2,C) G t/ x C : Uh{zX) = 0}. Consider the mapping 


$ : 


U —^ f/xC 

X I —> {c{x),h{x)) 


Then ^{U) = M is a connected analytic subset of 17 x C. Moreover z E a ii and only if 
h does not separate some preimages of z by c. That’s why the restriction := : 

U\a —)■ {U\a) X C is injective. Mappings <h and $1 are continuous, proper and surjective 
onto M and M\ (a x C) respectively. By Oka’s normalization Theorem there exists a 
normal complex space iV, a holomorphic map T ; —)■ M and an analytic set A C SingM 
of M such that 

• 'l/“^(y4) is nowhere dense in N, 

• T : —)■ A is hnite and 

• T : A^\T“^(74) —)■ M\A is biholomorphic. 

Set Mfj : = Mn (cr X C) and consider the biholomorphism 

t ;= $-1 oT : N\^-\MX U\^-\MX. 

The fact that N is normal implies that t : —)■ f/\<h“^(Mo-) holomorphically 

extends tot: N ^ tj. Indeed let w E and W be an open neighbourhood of w in 

N such that t : IT\T“^(Mo-) — >■ V" is holomorphic where V is biholomorphic to a connected 
analytic subset of some bounded domain in C'”. One can replace f by m holomorphic 
and bounded functions —)■ C {i = 1,... ,m). By normality of W every ti 

extends to a holomorphic function ti on W. One obtains that the map {ti,...,tm) gives 
an extension i : N ^ U of t on the whole of N. Since and do not 

locally separate N and U respectively one can apply uniqueness of Theorem \2.l\ to the 
one-sheeted regular cover (f7\$“^(Mo-),f,iV\T“^(Mo-)). It follows that t : iV —>■ f7 is a 
biholomorphism and then {U^O'^) and {N^On) are isomorphic. □ 


Example 3.1. Set D := {{z,w) G C x C : = z} and let c ; D —)■ C be the map 

induced by the projection {z,w) 1 —)■ 2 ;. Then {D,c,C) is a 2-sheeted analytic cover with 
ramihcation divisor {z = 0}. Let us dehne for every {z,w) G the polynomial h{z,w) = 
{z — l)tc. Then h E 0'{D) and separates the preimages of z = —1 since = —2i 

and = 2i but does not separate the preimages of 2 : = 1 because h(l,l) = 

h(l,—1) = 0. Let uj{zX) be the Weierstrass polynomial of h dehned in 3.3 i.e., oj{zX) = 
[C-(^-l)u;][C + (^-l)H = C-z{z-lf and M := {(z,C) G : uj{zX) = 0}. Set 
a = {z eC : 2 :( 2 : — 1)^ = 0} = {0,1}. 

One obtains that the map 


$ : 


D 

{z,w) 


M 

{z,{z-T)w) 


is well dehned, continuous, surjective and the restriction of $ over M\({1,0}) is injec¬ 
tive. Since <I)“^(1,0) = {(1,1); (1, —1)} the map d) : I) —)■ M is not globally injec¬ 
tive. It follows that and (M, ld,M) are two different extensions of the cover 

1), (1, —1)}, $,M\{(1,0)} j over M. This happens because {(1,0)} locally sepa¬ 
rate M. Indeed let f/ be a small disk centered at z = 1 which does not contain 0 and 
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f{z) a branch of ^ on U. Then Mfl (f/ x C) can be decomposed into the nnion of the 
branches : 

Ml := {C-/(^)(^-l) = 0} and Ms := {( + f{z){z-l) = 0}. 

which may intersect when f{z){z — 1) = 0 i.e., at Therefore Mfl {U\a x C) is not 

connected. 


4. Thullen type extension of analytic covers 

We give in this section some extension theorems for analytic covers. Let ns start with 
the following resnlt, see Proposition 3.3 in [DGj . 

Lemma 4.1. Let X be a topological space, X be a normal complex space and c : X —)■ X 
be a continuous map. Then (X,c,X) is an analytic cover if and only if for every z G X 
there exists an open neighbourhood U G X of z and an analytic cover {U,7i,V) over a 
domain V cC^ such that the composed map {U,7ioc,V) is again an analytic cover where 
U:=c-\U). 


Proof. The condition is obvionsly necessary. Let us prove the converse. Let SingX 
be the singular locus of X, S := c“^(SingX)) and 2 : G X\Sing(X). Let {U,tt,V) be 
an analytic cover as in the formulation of the lemma. Since {U,7t o c,V) is an analytic 
cover the fact that c~^(U) = (7roc)~^(lL) implies that the restriction (X\^,c,X\SingX) 
is an analytic cover. We let TZ denote its ramification locus. Since X is normal one has 
codim SingX > 2 and TZ C X\SingX uniquely extends to a proper analytic set 7?. C X 
which does not locally separate it, see Theorem 9.4.2 in |GR,3j . It implies that (X,c,X) 
is an analytic cover of ramihcation locus TZ. 

□ 

A consequence of Grauert-Remmert and Stein Theorems is the following extension 
result for analytic covers. 


Theorem 4.1. Let (Xo,Co,X\7^) be a finite regular analytic cover where X and Xq are 
normal complex spaces and TZ is a proper analytic subset in X which does not locally 
separate it. Then there exists a unigue normal complex space Xi, a unigue imbedding 
i : Xq — )■ Xi and an analytic cover (Xi,Ci,X) such that the diagram (2.1) is commutative 
i.e., Cl o i = cq. 


Proof. According to Theorem 2.1 there exist a unique locally compact Hausdorff topo¬ 
logical space Xi, a unique imbedding i : Xq —)■ Xi and a unique continuous surjective 
proper zero-dimensional map Ci : Xi —)■ Xsuch that the diagram (2.1) is comm utat ive and 
TZ := c~^{TZ) does not locally separate Xi. If X is a domain of C", Theorem |3.3| implies 
that Xi inherits a structure of normal complex space and the result follows. 

We suppose now that X is a normal complex space. Let z G X. There exist an open 
subset U of X containing z, an open polydis k V C C" and an analytic cover {U,7i,V) of 

it is sufficient to prove that {U,7ioci,V) 


4.1 


ramification divisor TZy- According to Lemma 
is an analytic cover where U := ch^(f7). Let Sing (X) denote the singular locus of X. Since 
TT is proper Theorem of Remmert implies that 7r(7^USing(X)) is analytic in V. The set 
7Zi := U 7r(7^ U Sing (X)) is analytic in V and does not locally separate it. The map 
TT o Cl induces also a finite regular cover over V \TZi. According to the result proved 
above it uniquely extends to an analytic cover {y,Cy,V) over the whole of V. The fact 
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that TT o Cl : f/ —^ is a co ntinuous surjective proper zero-dimensional map implies by 
uniqueness of Theorem 


2.1 


that there exists a homeomorphism $:[/—?• Id such that 
TT o Cl = Cy o <h. That homeomorphism becomes a biholomorphism and it follows that 
{U,7Toci,V) is an analytic cover. 

□ 


Remark 4.1. In the assumptions of Theorem 4.1 the space Xi is connected if Xq is 


connected, see Remark 2.2 (c) 


Corollary 4.1. Let X be a normal complex space and A(Z X he a proper analytic subset 
which does not locally separate it. Let (Xo,Co,X\y4) be an analytic cover with ramification 
locus TZ C X\74. Assume that TZ extends to an analytic subset TZ of X which does not 
locally separate it. Then (Xo,Co,X\y4) uniquely extends to an analytic cover (Xi,Ci,X) 
over the whole of X. 


Proof. We set y := X\JZ and Y := Cg (F). The restriction Coiy : F —)■ F induces 
a hnite reg ular cover which uniquely extends to an analytic cover (Xi,Ci,X) according 
One obtains two analytic covers (Xo)Co,X\y4) and (cj“^(X\74),Ci,X\74) 


4.1 


to Theorem 

which extend (F, Cg, F). By uniqueness they are equivalent and we can hnd a holomorphic 
imbedding $ : Xg Xi such that Ci o $ = Cg. Then (Xi,Ci,X) also extends the cover 
(Xg,Cg,X\dl). 

□ 

Proof of Thullen type extension. Now let us deduce the Thullen-type extension Theorem 
1^ from Introduction. Let TZ C Xg be the ramihcation locus of the cover (Xg,Cg,Xg). 
According to the Thullen-Remmert-Stein Theorem (see [ST]) the closure 7^ of 7^ in X is a 
proper analytic set which does not locally separate X. Set F := X\T Z and F := Cg ^(F). 


Then (F,Cg,F) is a hnite regular cover. According to Theorem 4.1 it uniquely extends 


to a cover (X,c,X) over the whole of X. By uniqueness of the extension it implies that 
(X,c,X) extends (Xg,Cg,Xg). 

□ 


Remark 4.2. The fact that Thullen type extension holds for analytic covers follows 
from the fundamental papers of K. Stein [St] and Grauert-Remmert |GR2] is known to 
the experts, see for example ra. But a complete proof to our best knowledge cannot 
be found in one place in the literature. Therefore we give in this paper a reasonably 
self-contained proof of the results stated above. 


5. Extension by the extension of the ramification divisor 

In this section we prove Theorem from the Introduction. Set Fi := Di\TZi, Fg = 
I7g\7^g, TZq := Cg^{TZo) and Fg := i)g\7^g so that (Fg,Cg,Fg) is a hnite regular cover. Fix 
2:* G Fg and let tn* G Fg be a hxed preimage of z* by Cg. For every path a starting at z* 
we let CgO denote the lifted path of a starting at w*. Let i* : 7ri(Fg,z*) —)■ 7ri(Fi,z*) be 
the canonical morphism and K := {[7] G 71 i(Yq,z^) : Cgy is closed in Fg} be the subgroup 
dehned in Remark \2.1\ 

Definition 5.1. Let be two paths from to z &Yi. We say that a 

eL(X). 
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In other words two paths a\ ^ and oPi 


, -1 


based at z* are equivalent if is 

homotopic inside Yi to a loop 7 C Iq such that its lifted path based at some preimage of 
z* is closed. Note that in general a loop 7 C Iq starting at may be homotopic inside Yi 
to the constant path while its lifted path by Cq based at any preimage of is not closed. 
This dehnition gives an equivalence relation between paths in Yi. The equivalent class of 
a path az,z in hi starting at 2 ;* is denoted by If ai ^ and homotopic inside 

Yi then they are equivalent in the sense of Definition 5.1. Set Yi := : z &Yi} and 


Ci{[az^z]) = z. The map Ci : Yi —)■ Yi is obviously well-dehned. 

We dehne a topology on Yi as follows. A subset If of Yi is a neighbourhood of [otz^z] if 
there exists a contractible open set U containing 2 ; in Yi such that 

-/d] : /3 is a path in U starting at z} C U. 

Yi becomes a connected topological space and the map Ci is open and continuous. 

Let us prove that Yi is Hausdorff. Let shall prove there exist two 

disjoints neighbourhoods JJi of and 1/2 of in Yi. The case Zi 7 ^ Z 2 is obvious 

so we can suppose that zi = Z 2 = z. Let U be an open contractible neighbourhood of z 
and suppose that there exist z eU and two paths between z and z inU such that 

• ( 5 - 1 ) 

The following equality holds in 7 ri(Yj, 2 :*) 


Plz- ^Iz) 


-1 


a. 




-1 


7ri(yi,2*) 

^ ^ which gives us a 

f3 <Z U} are the 


7ri(Yi,2,) 

and (5.1) implies that ctl,z ' {<^z.,z) ^ ^ i*(A"). Hence 
contradiction. Then Ui := [5] : (3 C U} and U 2 ■= 

desired open sets. Yi js a Hausdorff topological space. 

Let us prove that (Yi,Ci, Yl) is a regular topological cover. Fix z eYi and let { 
be the preimages set of z by Ci where / is at most countable. Let W be a contractible 
open neighbourhood of in Yi. One obtains that 

= ■ f3] ■ (3 is a path in U starting at z}. 

i&I 

The fact that U is contractible implies that the previous union is disjoint. Therefore Ci is 
a regular cover and Yi inherits a structure of complex manifold. 

For every w E Yq we set i(tc) := [cq o where is a path joining and w in 
Yq. Then by construction of the equivalence relation the map i; Yq —)■ Yi is well-dehned, 
continuous and verihes Ci oi = cq. Let us prove that its restriction on the hber Cq is 
surjective onto cj"^( 2 :*). Let [a] be a preimage of 2 ;* by Ci. Since i* : 7 ri(Yo, 2 ;*) —)■ 7 ri(Yi,; 2 *) 
is surjective the loop a is homotopic inside 7 ri(Yi,^*) to 7 C Yq. It follows that a and 
7 are equivalent in the sense of Definition \5.1 . Denoting w := Cq7 (1) one deduces that 
i(tc) = [ 7 ] = [a] and i : Cg^( 2 :*) —)■ is surjective. By using the lifting property 

of regular covers one obtains that i : Yq —^ is surjective. In this case {Yi,Ci,Yi) 

is a hnite regular cover with bi sheets where bi denotes the cardinal of 07 ^( 2 ;) which 


doesn’t exceed b^. := < bo. By Theorem 4.1 and Remark 4.1 it uniquely extends to 

61 -sheeted connected analytic cover {Di,Ci,Di) over Di. Let us prove that i : Yq ^ Yi 
can be extended to Dq. Fix wq E TZq and set Zq '.= Co(wo). Let 1/ be an open connected 
neighbourhood of Wq inside Dq such that U\lZo is connected and let H be a connected 
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component of c]" (f/) inside Di such that i: U\Rq —)■ is holomorphic, where U := Co(?7). 
After shrinking U we can suppose that V is biholomorphic to an analytic subset A of 
some bounded domain C C”^. Then one can replace i by m bounded holomorphic maps 
ifc : U\1Zq —>■ C (fc = By normality of f/ C -Dq every i*. can be extended to a 

holomorphic function ik'.U —)■ C. The map (ii, • • • ,1^) ■ U ^ A extends i: ho —t Yi on the 
whole of Do. Denoting by i that extension one obtains that i : Dq —)■ -Di is holomorphic 
and diagram 1^ is commutative. The hrst statement of Theorem |T] is proved. 

Let us prove statement (ii) If bi = bo the restriction of the map i: Tq Ih on the hber 


.- 1 / 


z^) becomes bijective onto It follows that i; ho —t Yi is globally injective and 

(Di,Ci,Di) is an extension in the strong sense of {Do,Co,Do) over Di. 

Let {D[,c[,Di) be another connected extension of {Do,Co,Yo). We shall proved that 
the number of its sheets can not be larger than bi i.e., {Di,Ci,Di) is the unique maximal 
analytic cover which extends (Do,Co,T)o). There exists a holomorphic map i' : Do —)■ D[ 
such that the following diagram 


D[ ^ Do 


Di 


CO 


Cl 


D, 


^Do^ 


Di 


Y 


is commutative i.e., cjoi' = co = Cioi. Set ¥( := (hj). The restriction cj = c) 

Y( —)■ Yi is a regular analytic cover over Yi. Let C* he a preimage of by We shall 
prove the following 


Lemma 5.1. Let ai, a 2 be two equivalent paths in the sense of DeGnition |5 . 1 
lifted path cf ( 0^2 ■ starting at C,^ is closed. 


Then its 


Proof of Lemma 5.1 


_ Let 7 C Yo he a loop such that 02 • is homotopic inside Yi to 7 

and such that Cq 7 is closed. Since cjoh = co it follows that cf'y is closed and one deduces 
that cf (02 • is closed. Lemma 

□ 


Now let us prove statements 
previous Lemma the map 


111 


and 


is proved. 

Let a C Yi be a path starting at z*. By the 


IV, 


T : 




cfa{l) 


is well-dehned, continuous, surjective and it verihes o T = ci. Hence (Y/,cj^,Yi) is a 
hnite regular cover and the number b[ of its sheets can not be larger than bi. Remark 
that if b'l = bi the restriction T : ch^(^) —t on every hber is a surjective map 

between hnite sets with bi elements. It is injective and T : Yi —)■ Y/ becomes bijective. 
Its inverse is holomorphic given by : C G Y/ 1 —>■ [cj where is path between 

and C inside Y{. One deduces that T is a biholomorphism which uniquely extends to 
a biholomorphic map T : Di —)■ D[ such that cj o $ = Ci. 

□ 


Remark 5.1. In the assumptions of Theoremj^if the analytic cover (Do,Co,Do) is Galois 
then {Di,Ci,Di) is Galois. 
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The following example is well known. It shows that an analytic cover can be extended 
only by gluing the sheets. Remark that the branching divisor in it is empty. 

Example 5.1. Take as X = C^\]R^ and as X a 6 -sheeted regular analytic cover of X. 
It cannot be extended over any point of in the strong sense because holomorphic 
functions on this X do not separate points. But it obviously extends to a trivial cover 
(C^,ld,C^) after “gluing the sheets”. 


6. Extension of analytic covers over a polydisk 


6.1. Lemma of Picard-Simart. The following statement is due to m- It is proved in 

H- 


Lemma 6.1. Let A” C C”' be the unit polydisk and T := {|t(;| < 1} C C be the unit disk. 
Let 7^ be a one-codimensional analytic subset of x T such that T^fl (A"' x dT) = 0 . 
Then there exists a proper analytic subset a C A"’ such that for every G A”'\cr any 
one-dimensional closed curve 7 in (A"’ x T) \R can be continuously deformed to a closed 
curve in ({x*} x r)\7^. 


By using the methods of the proof of Lemma 6.1 given by [M] one deduces a more 
precise statement about surjectivity of the natural map between fundamental groups. 


Theorem 6.1. In the assumptions of Lemma 6.1 there exists a nowhere dense subset 
A C A" such that for every G A"'\A and every = {z^,w^) G (A” x T) \}Z the natural 
homomorphism 


L : TTi [({x*} X r)\7^, Z^] ->■ TTi [(A”' X T) \7Z, Z^] 
is surjective i.e., every loop 7 in (A” x L)\R starting at Z* is homotopic to some path 
7 * C ({- 2 *} X L)\R, within the loops starting at Z*. 


Proof. We denote the standard coordinates in as z = (^i,... ,^n) = (a^i+*2/i, ■ ■■ )Xn + 
iyn) G A"" and w = u + iv eT. By the hypothesis on TZ there exists a monic Weierstrass 
polynomial 

V 

P{z,w) = 

i=l 

such that Qi is holomorphic on A*^, P{z,w) has no multiple factor and 

7^ = {{z,w) G A” X T : P{z,w) = 0}. 

Since A is biholomorphic to the square {z = x + iy E C : —l<a;<l and — 1 < 1 / < 1} we 
may assume that A"' is the cube. Set a := {z E : Discr^P( 2 ;,t(;) = 0}. The following 
statement is proved in as Lemma 2.9. 


Lemma 6.2. Let P be a domain of whose coordinates are denoted as x = {zi,..., Zn) G 
C"' and w G C. Let TZ = {f{z,w) = 0} be an analytic hypersurface of D. There exists a 
linear transformation ip of such that in the coordinates {z',w') = (p{z,w) one has 


e C”+‘ [foffi ‘(a'i,...,o'„,6') = 0=s-/o93 '(“'i. • ■ • .“I.» 


O^O], 


We prove Theorem 6.1 by induction. 


Case n = 1. According to Lemma [ 6 .2| we can suppose after taking a linear transformation 
that TZ does not contain any complex hyperplane of the form w = d where d G T is 
constant. The set a C A consists of a countable number of points = A'i^ + iA'l.,k E N. 
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Set A := {x + ii/ G A : 3/c G Nx = or 1 / = A^.}. Let Z* = G (A x T)\R, be 

such that x^+iy* ^ A and 7 be a loop in (A"' x L) \1Z starting at Z*. We can suppose that 
7 is a real analytic path and its projection onto every real axis x, y, u and v is not reduced 
to a single point. For every M = {xMjyMAMAM) G 7 we set Xm ■= {y = yn} Ft A and 
we let Xm denote the cylinder Xm x F. We have the following. 


Lemma 6.3. For every M = (xm,i/m,mm,'1’m) G 7 we can find a real one-dimensional 
open line segment L{M) C Xm containing M of the form 

L{M) := {{x,yM,UM + o:M{x-XM),VM + f3M{x-XM)) ■ x G [-1,1]} (6-1) 

where aM and (5 m are real constants and such that : 

(1) L(M)n7^ = 0 and 

(2) L{M) n [{|x| < 1} X [ yM ] X ^F] = 0. 


Let Mq G 7 and let cto aiid (5q be the real constants in the dehnition of There 

exists a subarc [MgMg] of 7 which contains Mq as an interior point and such that for 
every M G [MgMg] we can take aM = and 15 m = fio in the dehnition (6.1) of L{M). 
By compactness of 7 we can hnd a hnite number of points ... ,Mq such that: 

• 7 = U&‘WM+i]. 

• Mo = Mq = Z* and 

• for every point M G [MjMj+i] we can take aM = Oii and 15m = A where a*, A 
correspond to the dehnition of L{Mi) in ( 6 . 1 ). 

If M G [Mj,Mi+i] the line segment L{M) is denoted by LfiM). We denote Mi = 
{xi,yi,Ui,Vi). Since the projection of 7 on the axes x and y does not reduce to a point 
we can suppose after a small perturbation that Mj ^ A x F for i = l,...,g. For every 
M = (xm,i/m, £ [MiMij^i] we dehne its projection to the real hyperplane {x = x*} 


Pi{M) := = {x^,yM,UM + ai{x^-XM)XM +fifix^-XM))- 

Set p'i := Pi{Mi) and p” := pfiMi^fi). Remark that every Mi has two projections p' and 
p'l_i in {x*,i/j} X F. We can continuously deform the arc [MjMj+i] to the arc [p'iP'(] ■ = 
{pi{M) : M G [Mj,Mj+i]} in such a way that M G [MjMj+i] moves to pfiM) along 
Li{M), see Figure By hypothesis on LfiM) this deformation is in (A xF)\7?.. Since 
Po = Pq-i = Z* the arc [MqMi] can be deformed to [MoPg] within the paths starting at 
Mq. Likewise [Mq_iMo] can be deformed to [pg_^Mo] within the paths ending at Mq. Let 
A' be the path between p'/_i Mj on the segment Lj_i(Mj) and X'( a path between Mj 
and Pi on LfiMfi. Then denoting Aj := A' ■ A'' C XmXF one obtains that 7 is homotopic 
in (A X F) \R, to the loop 

7 := [MoPg] ■ Ai ■ [p\p'[] ■ ■ ■ Ag_i ■ [Pq_iMo] 

within the loops starting at Mq = Z*. 

We have the following. 


Lemma 6.4. Let D ;=] — l,l[xF C be a cylinder and Cj : {t,Uj{t),Vj{t)) a smooth arc 
in D (j = 1,... , 1 /). We make the following assumptions. 

(1) Cj n ([—1,1] X 5F) = 0 for every j = 1,... and 

(2) CjHCk = 0 if j A k. 

Set C := and let 'j be a path in D\C such that 7 ( 0 ), 7 ( 1 ) G {fo} x F for some 

to g] — 1, 1[. Then 7 is homotopic to a path 7 C {fo} x F within the paths starting at 7 ( 0 ) 
and ending at 7 ( 1 ). 
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The proof of this Lemma consists in observing that there exists a homeomorphism 
^ : D D snch that 

• vte]-i,i[$({t}xr) = {t}xr, 

• =] — 1, l[x{(aj,6j)} where {aj,bj) ^ {ak,bk) ii j ^ k and 

• the restriction $ : {to} x T —)■ {to} x T is the identity mapping. 

On dednce that we can deform 7 in (A x T) \1Z to a closed curve 7 in 3^(x*)\7^ where 

y{z^) := (A X r) n {x = x^}. 


Indeed since {xi,yi) ^ A we have Her = 0. Then 7^.0 consists of an union of u real 
analytic arcs Cj verifying the assumptions of Lemma 6.4 Moreover for every i G {1,..., g} 
-^j(O) = p'l-i G {x^^Hi} X T and Aj(l) = G {x^^yi} x T. Since A* does not intersect IZ 
implies that for every t = —1 there exists a path A* C {{x*,yi} x r)\7?. 


6.4 


Lemma 

starting at p"_i and ending at p' such that A* is homotopic to Aj inside Xm^TZ with the 
same initial and terminal points. Thus 7 is homotopic in (A x T) \ 7 Z to 

7 := [MoPo] ■ Ai ■ [p}p'{] ■ ■ ■ Ag_i ■ [p',_iMo] C 3^(^*)\7^. 

The last thing is to prove that 7 can be deformed to a close path 7* in {x*,p*} x T. But 
this is an application of Lemma 6^ to 7 by taking t = y. Theorem 6J_ is proved when 
n = 1. 

Case n>2. Let x* = (x{,... , x*) G A"'\(T where x* = x^ + iy^ According to Lemma 


we 


can suppose after taking linear transformation that 7Z does not contain any complex lines 
of the form {zi = Ci,...,x„_i = c„_i,w = d} where (ci,... ,c„_i) G A"'"^ and d G T are 
constants. Let 7 be a closed curve starting at Z* = G (A*^ x T) \JZ. As previously 

we can suppose that 7 is real analytic of the form 7(f) = ((;/)(t),x'(f),x"(t),'0'(f),'0"(t)) 
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where 0 : [ 0 , 1 ] —)■ and • [ 0 , 1 ] ~^]~ 1 , 1 [ analytic functions 

such that the projection of 7 onto every axis ... ,Xn,yn,u and v is not reduced to a 

single point. We shall prove there exists a nowhere dense subset A of A” such that the 
assumption of the lemma is satished if 2 ;* ^ A. 

Fix M e 7 and denote M = {z'j^,XM,yM,UM,VM) = (0(s),x'(s),x"(s),'0'(s),'0"(s)). Set 
■= {i4’{s),x,x"is)) £ A” : —1 < X < 1} and Xm ■= Xm x F. There exists a real 
one-dimensional segment L{M) C Xm containing M of the form 

L(M) := {{zM,^,yM,UM + aM{x-XM),VM + / 3 m{x-xm) ■ -1 < X < 1} (6.2) 


where om and / 3 m are real constants such that 

(1) L{M) n7l = 0 and 

(2) L{M) n [{z'm} X {|x| < 1} X {i/m} x 9F] = 0 . 

Set := A^-^x{x);}x{||/„| < l}xF, yM{z^) ■= {(0(s),x;,|/) e A” : -1 < y < IjxF 
and = UMe 7 ^Ar(x*). According to the method used in the proof of the case n = 1 there 
exists a nowhere dense subset A' C {|x„| < 1, ||/n| < 1} such that for every (x*,|/*) ^ A' 
the curve 7 is homotopic to a closed path 7 :1 1 —>• {(/){t),x/^,y{t),u{t),v{t)) in y-y\}Z where 
y(t),u{t) and v(t) are continuous. 

Then 7 can be deformed in A^^yjZ to a curve 7 in f[JMe 7 {Wi).<.!/:)}xr)\K. 


Denoting A"'"^ := A"'"^ x {x*} x F and := 7lr\A‘^~^ one obtains that 7 C A"'~^\Tl"‘~^ 
and the proof of the Lemma reduces to the case n — 1. By induction Theorem 6A_ is 
proved. 


□ 


6.2. Proof of Theorem 2^ We prove in this section Theorem from Introduction. 

According to Theorem 6.1 there exists 2;* G Dq\R such that the natural morphism 
L : 7 ri(Ilo\ 7 ^, 2 ;*) —)■ 7 ri(A”'\ 7 ^, 2 ;*) is surjective. By Theorem one obtains Theorem 


2.(i) The second part of the Theorem is a particular case of the following statement, see 


Theorem 16.31 


Theorem 6.2. Let {D,c,D) and {D',c',D) be 2-sheeted connected analytic covers over a 
domain D 0 LX with the same ramification divisor TZ C D. Then the covers are equivalent 
i.e., there exists a biholomorphic map i: D ^ D' such that c'oi = c. 


Proof. The proof consists from the following steps. 

Step 1 : Let us prove the result when D = is the unit polydisk and TZ is such that 
7?.n(A"'“^ X dA) = 0 . The divisor TZ is the zero set of a Weierstrass polynomial of degree u 
with respect to Zn- According to Theorem 6.1 there exists z/ G A”“^ such that the natural 
morphism i* : 7 ri(A^;;\ 7 ^,x*) —)■ 7 ri(T)\ 7 ^, 2 ;*) is surjective where 2 ;* = G D\TZ and 

:= z/ X A. Set Y := c~^{D\TZ) and Y' := c~^{D\TZ). Let eY and w/ be some 
preimages of 2 ;* by c and c' respectively. The point x} has been chosen so that A^/ fl TZ 
is a hnite set of v elements {oi,... , 0 ^,}. Fix i G {l,...,z/} and take a neighbourhood f/j 
of Oj inside A^'^ such that c~^{/Ui\TZ) is connected. Let Zi G Ui\TZ. The generator [ctj] 
of 7ii{Ui\TZ,Zi) ~ Z is such that the lift of at any preimage of Zi by c and c' is not 
closed. Let A, be a path between 2 :* and Zi inside A^|\7?. and define 7 * := Aj • ■ A“^. By 

construction the lift % of 7 * starting at tr* by c is not closed. By using the same argument 
one obtains that the lift 7 ) by c' starting at w/ is not closed. Moreover 7ii{Az'^\TZ,z^) is 
the free group generated by {[ 71 ],..., [h]}- It is easy to prove by induction that the lift 
of any loop 7 ”^ • ■ • 74 '* C A^/\7^ by c is closed if and only if rii -|-is even. 
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One deduces that if two paths 7 ^^^ • ■ • 7 ”^ and 7 ™^ • ■ ■ 7 ™“' are homotopic inside D\1Z 


then ni + • ■ • + rig — (mi + ■ ■ ■ + m^') is even. 


'i-j 


Moreover Theorem 6.1 implies that every 

C Az/^yjZ for some 


"1 

hs 


loop 7 in D\TZ starting at z* is homotopic inside D\TZ to 7 
Uj G Z* {j = 1,... ,s). According to the previous remark one deduces that the parity of 

uiH- l-Ug does not depend of the choice of such a decomposition. Then c*a is closed if 

and only if rii H-is even. In particular the lift c*a of any loop a C D\R by c is 

closed if and only if c*a is closed. The regular covers {Y,c,D\TZ) and {¥',c',D\R,) are 


equivalent and according to Theorem 4T and Remark 4T the result follows. 
Step 2 : We need to prove the following. 


Lemma 6.5. In the assumptions of Theorem 6.2 for every p ElZ there exist a neighbor¬ 


hood Up of p inside D and Zp G Up\lZ such that the fundamental group ni{Up\TZ,Zp) is 
generated by i/p loops 71 ,... , 71 /^ based at Zp. Moreover for every j = 1,..., 17 , and for any 
two preimages Wp and w'p of Zp by c and c' respectively the lifts U'jj, c*jj based at Wp and 
w'p respectively are not closed. 

Proof. Fix p eIZ. One can hnd a complex line L containing p and a neighbourhood A 
of p inside L such that ACiTZ = {p}. Take a complex orthogonal direction L-*“ of L at p in 
C"" and let z = (zi,..., Zn) be the coordinates chart corresponding to x L. There exists 
e > 0 such that A'f~^ x A C D and x 9A) flT^ = 0. By using the construction used 

in the previous step one deduces the result. □ 

Remark that the open sets Up in the lemma can be chosen so that {Up : p E TZ} is an 
open covering of D. 

G D\JZ and let w^,w{ be two preimages of 2 ;* by c 
According to the previous step 


Step 3 : Proof of Theorem |6.2| Fix 2 ;* 
and 


c' respectively. Let a be a loop inside D\Tl at 2 ;* 
there exists a hnite number of points pi,...,pjv in TZ such that a C (f/i U ■ ■ ■ U f/jv) \’^ 
where Uk ■= Up^ {k = 1,...,N) is the open set dehned in Lemma 6.5 One can hnd a 


decomposition a = ai - ■ ■ aq where a* is a path inside some Uk(i) \ IZ where 1 < k{i) < N 
such that «*(!) = Q;j+i(0), i = 1,... ,q — 1. Fix i E [I,... ,q} and take a point Zi E Ui\7Z 
which verihes the assumptions of Lemma [R5 Let A* (respectively pi) be a path inside 
Ui\IZ between Q;i(0) and Zi (respectively between «*(!) and Zi). According to the previous 
lemma the loop ■ ai - pi based at Zi is homotopic inside Ui\IZ to some 
where 7 jjj, verihes the assumptions of the previous lemma and rij ^ eTj {1 <k < sf). Such 
a decomposition of ■ at - pi is not unique but one can prove like in Step 1 that the 


parity of Uj 1 


■Ui^si constant. 


Moreover the lift of A^ • a, ■ pi is closed if and only 


if Uj 1 H-is even. Finally one deduces that a is homotopic inside D\IZ to 

\ f m,! -1 \ f 'IT-2,1 IT2,a2\ -I \ f ”■<3,1 ”<3,s<3 A -1 

[Mn • • • ) hi ^2 (^72,7 • • • 72,,.; j ■ ■ ■ h,-iA, (^7,, 5 ; ''') h, • 

By induction one can see that if that decomposition is homotopic to the constant path 
inside D\IZ then 


Si 


i=l fc=l 

is even. Then the parity of this sum is independant of the choice of such a decomposition 
for a. Finally one can prove that the lift of a is closed if and only if S is even. Theorem 


6.2 is proved. 


□ 
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Theorem 6.3. Let Dq be a domain and {Do,Cq,Do) be a 2-sheeted connected analytic 
cover with ramification divisor TZq C Dq. Suppose that IZq extends to a globally defined 
hypersurface TZi in Di D Dq i.e., there exists a holomorphic function f G O(-Di) be such 
that TZi := {z & Di : f{z) = 0}. Then the cover {Dq,Cq,Dq) uniquely extends in the strong 
sense to a 2-sheeted connected analytic cover over Di with ramification divisor IZi. 


Proof. One can choose / G 0{Di) of multiplicity one such that tZ' := {(0,^) G C x Di : 
f{z) = 0} does not locally separate D[ := G C x Di : ('^ = f{z)}. Then {D[,d,Di) 

is a 2-sheete d ana lytic cover where c': D[ —)■ Di is induced by the projection CxDi Di. 
By Theorem |6.2| the restriction of this cover over Dq is equivalent with {Dq,Co,Dq). One 
deduces the result. □ 

is a direct consequence of the previous Theorem. 


Theorem 


7. Hartogs type extension of analytic covers 


Recall that a smooth real valued function p in an open set O C C” is called {n-q)- 
convex at point z* G O if its Levi form Lp{zfi) has at least q+1 positive eigenvalues. Let 
us prove Theorem from Introduction. It consists from the following steps. 

Step 1 : Let us prove the following result. 


Lemma 7.1. Let q > 2 and M = {p = 0} be a smooth strongly {n — q-\-1)-convex 
hypersurface in a domain D C C"". Set D^ = {p > 0} and let {D^,Cq,D^) be a bo-sheeted 
connected analytic cover over D^. Suppose that the ramification divisor IZ extends in a 
neighbourhood of every p G M. Then there exists a neighbourhood Lfp of p such that the 
cover extends to a bi-sheeted connected analytic cover over D^UUp, where hi < 6o- H 
verifies properties (I)]|(ii)[|(III) and (iv) in Theorem 


If g > 3 such a hypersurface TZ always extends in A"^, see Theorem 8.3 in m- 
Proof. Let V be the neighbourhood where TZ extends. We may assume that p = 0 and 
every branch of 77 in R contains 0. Let E be the complex tangent of M at 0. There 
exists a non empty subspace S' C E on which the complex Hessian of Lp^o is positive 
definite. One can hnd a one-dimensional disk A C D~^ centered at 0 sufficiently close 
to S such that AflTT. = {0}. Take a complex orthogonal direction L of A at 0 in C” 
and let 2 ; = {zi,...,Zn) be the coordinates chart corresponding to L x A. There exist 
e > 0 such that x A C D and 77 0 (A”“^ x dA) = 0. Moreover one can hnd a 
polydisk W C A”“^ such that IT x A C D~^. By Theorem the restriction of the cover 
(Z)+,Co,77+) over IT x A can be extended to a 61 -sheeted connected analytic cover over 
Z7+ U (A”“^ X A) where bi < bo. 

□ 


Step 2 : One obtains the following result. 


Lemma 7.2. In the statements of Lemma 7.1 {D^,Cq,D^) extends to a bu-sheeted con¬ 
nected analytic cover of D^UU, where U = UpeM^p bu <hQ. 


Proof. Let Lp, Lfq be polydisks inside D centered at p G M and q ^ M respectively such 
that 

( 1 ) UpHUgnM 0, 

( 2 ) {D~^,Co,D~^) extends to a 6 p-sheeted cover {Up,Cp,D^ UUp) and 

(3) {D~^,Cq,D'^) extends to a fe^-sheeted cover {Ug,Cq,D~^ UUg). 
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Set W := l/pUUg, W+ := WnD+, U+ := UpnD+ and U+ := Uqnl)+. It suffices to prove 
that there exists an analytic cover over which extends Cp and Cq. By construction 

of Up and Uq there exists E UpOUqn such that the natural morphisms 

ip,* : 7ii{Up\R,z^) -)■ 7ii{Up\R,z^) 


and 




: 7^l(^7+\7^,2:*) 7ri{Uq\TZ,z^) 


are surjective, see Theorem 6.1 Recall the following. 


Lemma 7.3. Let X = X 1 UX 2 be an union of path-connected open sets such that XinX 2 
is path-connected. For every G Xi ( 1 X 2 the natural homomorphism 

7ri(Xi,a;*) *7ri(X2,x*) -)■ 'ni{X,xf) (7.1) 

is surjective. Here 7ri(Xi,a;*) * 7ri(X2,a;*) denotes the free product 0 /7ri(Xi,x*) and 
'Ki{X2,X^). 


This is the “wea kest ” part of the proof of Van Kampen Theorem, see |Haj for more 
details. By Lemma 7.3 it implies that every loop a inside W\R. is homotopic to 
where Uk E Z and ak C Up\lZ or ak EL Uq\}Z, k = 1,... ,p. It follows that h : 
■Ki{W^\lZ^z^) -E TTi ( 1 V\ 7 ^, 2 ;*) and i* : ni^D^yiZ^z^) -E UU)\R,z^) are sur¬ 

jective. By Theorem there exists a 6 vv-sheeted connected analytic cover over D~U U 
with ramihcation divisor 77 which extends {D~^,Cq,D^), where < Bq. Lemma 
proved. 


7.2 


IS 


□ 


Step 3 : Now we need to exaust A"’ by smooth (n — g-|-l)-convex domains starting from 
^n,n-g following coustruction is inspired by §3 from m- For a > 0 

consider the smooth function 

Pa{w) = -\Wi\‘^ + j+(l-j'^ \W2\^^. (7.2) 

Here 3 W = {Wi,W2) with Wi = {zi, . . . ,Zn-q), W2 = {Zn-q+l, ■ ■ ■ ,Zn). Set 

Df = {wEA^ -. p^{w)>0}, D-:=A^\Df (7.3) 


and the hypersurface 

So = {tc G A” : Pa{w) = 0} 
separating Df from D~, see Figure]^ 


(7.4) 


Lemma 7.4. i) For every a > 0 the hypersurface is strictly {n —q-\-l)-convex in 

A’^\{|wi| < l,W2 = 0 }. 

a) For a sufficiently big the domain Df is contained in and 


lJoj = A"\(/i;yx{o}). (7.5) 

a>0 


Proof. The Levi form of p^^a at w is 


-2 ■ 1 
^ ^n—q 



(^) 


(7.6) 
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i W2 



Figure 2. For ai S> 1 the hypersurface (solid line) belongs to FT”’""'?. 

For 02 < 1 (dot line) approaches {w 2 = 0} when 02 \ 0. Those 

hypersurfaces are smooth and strictly (n—q'+l)-convex outside of the sphere 
{|tci| < s/2,W2 = 0 } (punctured line). 


where H is the matrix of the Levi form of {zn-q+i, ■ ■ ■ ,Zn) ^ {\zn-q+i\‘^ H-h \zn\‘^)°‘ which 

is strictly plurisubharmonic. This readily implies the assert ion [i}| of the Lemma. Assertion 
ii) is left to the reader. 

□ 


Step 4. End of the proof. Applying Lemma |7.2| one deduces the set of a such that our 
cover exten ds t o a neighbourhood of Df is a non-empty open closed subset of ] 0 ,-|-oo[. 
By Lemma 7.4 we extend the cover to A" \ (A?”/ x {0}). According to Thullen type 

extension Theorem]^ there exists a 61 -sheeted connected analytic cover ( T)i,Ci , A’^) which 
extends (iF,Co,Fr”’"'“'^). By construction that cover verihes conditions 


Theorem Theorem |3.(i) is proved. 


and 


IV 


m 


The second assertion is a consequence of Theorem |6.3[ Indeed by Theorem of Rothstein 
(see Corollary 2.19 in [Si]) the ramihcation divisor TZq of the cover uniquely extends to 
an analytic hypersurface TZi C A"^. Thus TZi is the zero set of a holomorphic function 
/ G C>(A"'). The cover (iF,Co,iL"’"'“^) also extends in the strong sense to a 2-sheeted 
connected analytic cover over A". 


□ 


8. Examples 

8.1. An exemple related to Theorem]^ We give in this section details about Example 
l^from Introduction. Let m > 4 be an integer and be the conhguration space of m 
points in C, i.e., is the space of unordered m-tuples {zi,...,Zm) of complex numbers. 
It can be identihed with viewed as the space of monic polynomials of degree m. 


m—1 

X^+Y.WkX'^ 

k=0 


( 8 . 1 ) 
































Examples 


25 


with coefficients being elementary symmetric fnnctions on he., wq = (—l)"^zi...Zm, ■ 


Wm-i = —{zi + ... + Zm) or, eqffivalently zi,...,Zm are the roots of (8.1). Denote by 
K, := |w e C"’: Discrx + 1]j =0 


( 8 . 2 ) 


the discriminant variety, i.e., the divisor of snch w that the corresponding polynomial 
has mnltiply roots. Or, in ^-presentation snch m-tnples (zi,...,^^) where not all Zj are 
distinct. The discriminant variety has eqnation 


L e 


= 0 


(8.3) 


i<j 


Set Di := Xm- Fix a point p := ( 1 ,..., 1,1 -|- e TZi, here 3 ^ n < m. 

n 

Fix a snfficiently small neighborhood Dq with center at p. One can snppose Dq is the 
prodnct of a polydisk A" with center at ( 1 ,..., 1 ) in and a polydisk A”^“" centered 
at ( 11 Set TZq := DoflA. Finally fix some z* G Do\7^o. As it is well 
known 7 ri(Di \ 7 ^i, 2 ;*) = Bm the braid gronp with m strands, see |KTj for details. After 
shrinking Dq one has 71i{Dq\71q,z^:) = Bn- Let go : i?n —t Sn be the natnral homomorphism 
onto the symmetric gronp of n elements. I t de fines a regnlar n -she eted connected cover 
Cq : Dq —)■ Dq\1Zq over Dq\71o, see Remark 2.1(b). By Theorem 4.1 it can be extended to 


a n-sheeted connected analytic cover over Dq with ramification divisor T^-q. Snppose that 
this cover extends to some n-sheeted connected analytic cover Ci : Di —Di over Di with 
divisor TZi. Then there should exist a homomorphism gi : Bm —t Sn making the following 
diagram commutative. 


Bn^ 


Br, 


(8.4) 


go 


gl 






Here i* : Bn —t Bm denotes the homomorphism induced by the natural inclusion i : 

DoXR-o —t 

Proposition 8.1. For {m,n) = (4,3) such gi doesn’t exist. 


Proof. Suppose the contrary. Let ai,a 2 ,o '3 be the twist generators of B^ and denote 
Ly U = gl(cTj) G S's their images under gi. Then applying go = gi oi* to (Ti,cr 2 we see 
that we can suppose that ti = (12) and I 2 = (23). Moreover all twists in the braid 
group are conjugate to each other. Indeed for every k = 1,...,3 one has c^cxic"^ = cxfc 
where c = cxi.. .< 74 . It follows that all Ij are conjugate as well. Therefore I 3 should be a 
transposition and, moreover, it should commute with ti and 12 - But no transposition in 
S's commutes with ti and t 2 . Contradiction. 

□ 

Remark 8.1. (a) One can prove more generally that such gi doesn’t exist for m > 

n ^ 3. 
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Figure 3. 


(b) Since the diagram 


-Bn 


Bn 


(8.5) 


go gl 

Bn 


is commutative the cover {Do,Cq,Dq) tautologically extends to a 5 -sheeted con¬ 
nected cover over Di. Here i : B„ B^ denotes the standard mono morphism of 
symmetric groups. 

8.2. A non-extendible cover in the strong sense. We detail here Example from 
Introduction. The idea is inspired by the construction of the cover in Figure 

Fix .2* 7^ 0 in C and set := {z^} x C, Di := C^. Dehne TZi := {zi = z|}. 
The intersection 7 ?.i fl consists of two points a and b. Let (X,Co,C^J be the 3 - 
sheeted analytic cover as shown in Figure 3 (b) There exist two generators oi and 02 of 


Til (C^^\{a,6},2;*) such that the lift of a := oi ■Q!2 at some preimage 5 * of 2;* is open. Since 
a is equivalent to the constant path inside Bi\ 7 ^i it follows the cover can not be extended 
to a 3 -sheeted analytic cover over Di. However one can extend it over Do :=flxC where 
H C C is a neighbourhood of 2;* such that 7ri(Bo\7^i,2;*) = 7ri(C;2^\{a,6},^*), see Figure 


3(a; 


We give here an analytic dehnition of the cover (Bo,Co,-Do). Let / be a holomorphic 
function on H := {zi G C : |2;i — 1 | < 1 } such that f{ziY = Zi and /(I) = 1 . Set Dq : = 
QxC, 


Do := <( (;2,w) e -Do X C : 


tZ2 




= 0 


( 8 . 6 ) 


and Co : -Do Do induced by the canonical projection Dq x C —Dq. Set T^o •= B-i PiDq. 
Lemma 8.1. In the notations as above we have the following. 

(1) (-Do, Co, Do) is a 3-sheeted connected analytic cover with ramification divisor TZo; 
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( 2 ) if {Di,Ci,Di) is a connected extension of yDQ,Co,Doj in the weak sense over Di 
with ramification divisor IZi then the number of its sheets is equal to 1 . 


Proof. Proof of (1) The space Dq is a complex manifold and the map Cq : -Do Do 


is holomorphic, proper and surjective. Recall that the discriminant of the polynomial 
w^+pw + q with respect to w is equal to —4p^ —27g^. Fix ( 2 : 1 ,^ 2 ) G Dq. TZq is the set 
where the discriminant of with respect to w vanishes. One deduces that 

(.Do, Co, Do) is 3-sheeted analytic cover with ramihcation divisor TIq. 

Proof o/p)j Take 2 ;* := (1,0) G Do\77o. The fundamental group of Di \77i is isomorphic 
to Z and 7 ri(Do \ 77 o, 2 ;*) is free-generated by the homotopy classes of those loops 

ai{t) = (1,1 — 

(8.7) 


By Theorem 
with ramihca 


2 .(i)| there exists a connected extension (Di,Ci,Di) of (Do,Co,Do) over Di 
Moreover the number bi of its sheets can not be larger than 


ion divisor TZi. 

3. Let us prove that 61 = 1 by contradiction. 

Suppose that hi = 3. (Di,Ci,Di) is an extension in the strong sense of (.Do,Co,Do) over 
Di. Let 7 be the loop dehned as 

7 (t) = (e"*'"*, 0 ). ( 8 . 8 ) 

One can see that ai and 7 are homotopic inside Di\77i. Indeed the map 

H: [ 0 , 1]2 ^ Di\ni 

{s,t) I—)■ [s-l-(l —s)e“*^’^*,\/s(l — 

is a continuous deformation between ai and 7 . Likewise the loops 02 and 7 “^ : t —)■ 7(1— t) 
are homotopic inside Di\77i. It follows that a := cki - 0(2 is equivalent to the constant path 
in 7 ri(Di\ 77 i,z*). 

Lemma 8.2. There exists a preimage of by Cq such that the lifted path of cki at x* 
is closed. 

Proof. Every point of TZq has exactly two preimages by Cq. Indeed for every {zi,Z 2 ) G TZq 
there exists ( eC such that zi = 4^®, f{zi) = and Z 2 = Then 

>3 / \ 2 


3 , /( d ) . iz2 

w H — 7^UJ-\ - 


= w'^ + Cw + 2i 


c 


= w 


2tC 

V3 


, K 

w + —= 

Vs 


(8.9) 


Vi v^ v^ 

One deduces there exists a preimage of (1,1) which is of order 1 i.e., there exists an 
open neighbourhood V of (1,1) and a connected component V of Cg^(R) such that the 
restriction Coip : R — )■ R induced a homeomorphism. Fix z G R\77o and let A be a path 
between z and z* inside Do\77o. One can End a loop aj starting at inside R\77o such 
that Oi is homotopic to • aj ■ A. Let a: G R be the preimage of z by Cgip and let 
A be the lifted paths of a\ , A by Cg at x. By construction the lift of A“^ ■ aj ■ A by Cg at 
x* := A(l) is closed. Lemma 8.2 is proved. 

□ 


One deduces the lift of a by Cg at x* is not closed, see Figure 3(b) If not Lemma 8.2 


implies that the lifted path of 0^2 at x^ is closed too. Since 7 ri(Dg\ 77 g, 2 ;*) is generated by 
[ai] and [ 0 ^ 2 ] it follows that the lift of every loop (3 inside Dg\77g by Cg at x^ is closed. Also 
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x* can not be joined to any other preimage x'^ of inside Do\R.o. This is not possible 
becanse TZo does not locally separate Dq. 

By constrnction we can not extend {Do,c,Do) in the strong sense to a cover over Di 
becanse the lifted path of a previonsly dehned is not closed in Dq while a is eqnivalent 
to the constant path in It follows that < 3 and we have a contradiction. 

that Di = {(z,0 e T>ixC : = 


Snppose that hi = 2. We may assnme by Theorem 


6.2 


Z 1 — Z 2 } and Cl is indnced by the natnral projection (.^,0 z. There exists a holomorphic 
map 

i: Dq —> Di 

{z,w) I—^ [z,^{z,w)] 

where ip is holomorphic on Dq snch that ipi^z^w)"^ = zi — z^. Let e > 0 be snch that 
Zi := G ff. Remark that the projection 

TT; DQp[{zi = Ae^} —)■ C 

(4£^,Z2 ,w) I—)■ w 

indnces a biholomorphism. Thns there exists a holomorphic map 


g :w p (^A£^,iV^{w^ + £w),v?j 


snch that = Ae^ + 27{w^+ew)'^. That is not possible becanse the image of g contains 

0 (take = —e/3). We have a contradiction. The cover {Di,Ci,Di) has exactly one sheet 
i.e., Cl : Di ^ Di is a biholomorphism. By Theoremif {D[,c'i,D[) is another extension 
of (To,Co,To) the nnmber of its sheets b[ is eqnal to one i.e., (T'i,c'i,T'i) and (Ti,Ci,Ti) 


are eqnivalent. Lemma 8.1 is proved. 


□ 


Remark 8.2. Since TZ does not intersect A 4 x (A 4 \A 3 ) the cover (To,Co,To) can be 
extended to a 3-sheeted connected analytic cover over the 1-convex Hartogs fignre 

H :=[nx A4] U A4 X (A4\A)^) . 

8.3. A non-extendible Galois analytic cover. We give here details abont Example 
from Introdnction. Set TZi := {{zi,Z 2 ) ^ Di : zi = Z 2 } and TZq = TZi CiDq. The map 
c : To To indnces over Dq\71o a 3-sheeted regnlar cover. Moreover the set TZq = c^^{7Zq) 
does not locally separate To- Indeed let {zi,Z 2 ) G TZq where Zi G fl. Withont loss of 
generality we may assnme that zi = 1. If ^2 = 1 we denote by Ur the polydisk centered at 
(1,1) of radins r > 0. There exists ro > 0 snch that for every r G]0,ro[ the preimage set 
c“^(Tr.\7^o) is homeomorphic to 

{(W,^)GCxf/\7^o ; W^ = {g{zi)-Z2f] 

which is connected. If Z 2 = —1 one dednces in the same way that c“^(Tr\7^o) is homeo¬ 
morphic to 

{(ly,z)GCxT\7^o : W^ = {g{zi)Tz2f] 
which is also co nne cted. 

By Theorem |3.3| the space Dq inherits a nniqne strnctnre of a normal complex space 
snch that {Dq,Cq,Dq) becomes a 3-sheeted analytic cover with ramihcation divisor TZq. 

By Theoremthere exists a connected extension (Ti,Ci,Ti) of the cover over Ti = 
with ramihcation divisor TZi. Let ns prove by contradiction that the nnmber hi of its 
sheets is eqnal to one. 
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Let «! and be the loops defined in (8.7). Then the lifted of a = ai ■q ;2 by Cq based at 
any preimage of (1,0) is not closed whereas a is homotopic inside D\\R.\ to the constant 
path. It follows that the extension i s not in the strong sense and hi < 2. 

If 6i = 2 one dednces by Theorem 


6.2 


that Di is eqnivalent to 


D'i = {{zX)eDixC-. C^ = zi-zl}. 


and there exists a holomorphic fnnction ip : Do —)■ C snch that for every {z,w) G Do 
ip{z,wY = zi — Z 2 . The fnnction h{w) = is well-defined holomorphic 

on the open set W = G C : g which contains 0.. We have a contradiction 

because h{wY = for every w G W. 

Finally one deduces that hi = l and every connected extension of (£)o,Co,71o) over Di 
is the trivial cover. 
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